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One mechanism of decoherence of anyon qubit due to interaction with edge states is considered. 
The calculations are made at low temperature in Markovian and "short-time" approximation. Two 
approximations are compared. 
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I. INTRODUCTION 

Quantum computation today is a fast and extensively 
developing field of investigations both theoretical and ex- 
perimental. The main problem which stands on the way 
to implementation of effective qubit for a quantum com- 
puter is decoherence caused by interaction of the micro- 
scopic system with the rest of the world. It means that 
degrees of freedom of the qubit system in the process 
of its evolution entangle inevitably with huge number of 
other degrees of freedom leading to loss of information 
transferred to the system before. On the language of op- 
erators, density matrix of the world evolve by unitary 
time evolution operator, where as density matrix of mi- 
croscopic system under consideration almost always does 
not [3| . Decoherence of a quantum system has a funda- 
mental nature and actually the main reason of transition 
from quantum to classical mechanics. In spite of the 
chosen quantum system, this effect shall be taken into 
consideration. The question arises here: "What system 
to choose or to find so that small enough effect of deco- 
herence could allow quantum computations" ? 

One of the possible answers to above question can be 
found in quantum systems intrinsically fault-tolerant in 
the sense that they are stable to external influence. One 
of these qubit systems based on anyons (anyon qubit) 
was first proposed by Kitaev in and then developed 
in and Q . Possible experimental implementation was 



considered by Averin and Goldman in [5j for the system 
consisting of two antidots in Quantum Hall regime at 
filling factor v = 1/3. In spite of challenging idea of the 
experimental implementation of anyon qubit there arise 
many problems standing on the way of use of the qubit 
for quantum computations. One of the main problem, I 
suppose, is possible measurement of such system. 

Many experiments had been carried out on tunnelling 
of anyons trough one antidot in FQH regime - (1£| . It 
was proved [13 that quasiparticles participating in tun- 
nelling have charge e/3 for v — 1/3 which gives some 
evidence in anyon charact er of the transport. But I am 
not familiar with experiments which explore transport of 
anyons on two anidots. 

In this article only one mechanism of decoherence of 
anyon qubit due to interaction with edge states is pre- 
sented. The calculations are made at low temperature in 



Markovian and "short-time" approximation. 



II. DESCRIPTION OF THE SYSTEM ANYON 
QUBIT AND EDGE STATES 

In case of weak interaction the total hamiltonian of the 
system anyon qubit and edge states can be described in 
standard way: 



H — Ha + Hb + Hi- 



(1) 



where Hs, Hb and Hint are hamiltonians of correspond- 
ingly the anyon qubit (Sistem), the edge states (Bath) 
and interaction between them. 

Anyon qubit consists of two antidots separated by dis- 
tance d. Applying voltage to the gates near one or the 
other antidot it is possible to control location of anyon 
on one of the two antidots. 

Tunnelling of anyons from one antidon to the other is 
similar to that of tunnelling of an electron from one well 
to the other one, which has been in details reviewed in 

. By analogy the Hamiltonian for the model of anyon 
localization on two antidots Hs can written as: 



1 1 

Hs = 2^^^^ ^ 2 



(2) 



The first term in ||2J) describes localization of the anyon 
either on the one or the other antidot with energy dif- 
ference £. The second term describes tunnelling of the 
anyon between two antidots with energy splitting il. We 
choose units where h = 1 and then return to ordinary 
units in final formulas. 

The second term in describes bath modes or edge 
states. In the literature these states are also known as 
Luttinger liquid or ID chiral modes. In our case we will 
use hydrodynamic model proposed by Wen in 0. Ac- 
cording to this model, 2DEG is considered to be as non- 
compressible liquid with 2D electron density ~ const. 
Disturbance of this liquid causes emergence of edge ex- 
citations, or waves, described by p{x) = neh(x) - linear 
density along the edge {h{x) - displacement of the exci- 
tation perpendicular to the edge). 
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It is easy to show that hamihonian for such excitations 
in Fourier representation can be written as p]: 



sity matrix p = ps® Pb of the system "anyon qubit" and 
"edge states" is 



27rw x ^ 
Hb = > ^ PkP-k 

fe>0 



(3) 



The final term Hint in is interaction between anyon 
qubit and edge states. It can be found as work produced 
by electric field of anyon qubit on the transfer of electron 
along the edge: 



(4) 



Hmt = CTz dxU{x)p{x) 



U{x) - potential difference due to localization of anyon 
on one or the other antidot. For the simplicity reasons 
we consider edge excitation moving along the straight 
line perpendicular to anyon qubit and set the length of 
the edge as a unit. As it is easy to check the length is 
eliminated from final results. 

Quantization of p{x) can be made based on the follow- 
ing commutation relations: 



vk , 
2^' 



-5k 



k-k 



k,k' ~ integer x 2tt 
[HB,Pk] = vkpk 



(5) 



Based on the last commutation relation we can see that 
Pk and behave as boson operators of creation and 
destruction respectively: 



Pk = \l TT'^k P-k = V TT^k k>Q (6) 
The above hamiltonian now can be rewritten as 



H =^ea^-^na^ + a,J2Mbt + bk) + J2ekb+bk (7) 



fe>0 



fc>0 



f3k - 



-Uk, Ek^vk, 



(8) 



where Uk is Fourier transformation of U {x) and v - filling 
factor of Landau level. As it is easy to see edge states 
have linear dispersion law, similar to that of the acoustic 
phonons in lattice. It means that edge states are gapless 
excitations. 



III. DECOHERENCE OF THE ANYON QUBIT 
IN MARKOVIAN APPROXIMATION 



Now let's proceed to calculations of decoherence and 
consider the case when e = 0. Master equation for den- 



P = -i[H,p] 



(9) 



Tracing over bath modes {ps = Tvbp) we canget equa- 
tion for anyon qubit density matrix (see e.g. j^): 



/"OO 

PS ^ -i\Hs.ps]- dT{{BB{-T))- 

Jo [Wj 

■ [S,Si-T)ps] - {B{-t)B)[S,psS{^t)]} 

Here {...)= Trsi- ■ ■ Pb), [Oi, O2] - commutator between 
operators Oi and O2 



Hs = -'^^o-x 

S = (Tz, 

B = J2f3k{b+ + bk) 

k>0 

0{t) = e'^^'^Oe-'*"^ 



(11) 



The Markovian approximation is also known as long- 
time approximation and the following assumptions are to 
be satisfied for the density matrix: 

1. p{t') — p{t) - It means that the system loses all 
memory of its past 

2. p{t) = psit)pB{0), where pb(0) = exp(-/3i/B)/^ 
that is obeys the Gibbson distribution. It means 
that energy by the system never returns again to 
the system and any changes in it doesn't effect on 
the "bath" 

3. {BB{—t)) when t ^ tq, where tq is often 
called correlation time for the bath. This assump- 
tion allows us to replace integral limits to infinity 

After simple enough calculations the master equation 
for Ps = 5(1 + xax + ycTy + za^) can be rewritten as 



Here 



X — —Tx + A 

y = [n + uj)z - Ty 

z = —fly 



1 o / n 

r = -/3La/.coth(^ 



(12) 



2T 



1 



^ - -Pk=n/v 



(13) 



TT 



— / dki3k coth 







\2TJ 
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where T - dissipation rate. Solving the system of differ- 
ential equations it is easy to see that 



^1' 



tanh^ ( ^ 



C(T)e- 



-rti 



(14) 



where C (T) - constant magnitude which depends only on 
initial conditions and temperature. The constant satisfies 
the following conditions: \C{T)\ < 1 and C{T) when 
T 0. 

Specifically for the case of unscreened field of anyon 
qubit with j/ = 1 /m and T = 



Uix) 



27reeo r'^ 



q is the charge of aiwgn qubit. According to the theory 
of anyons (see e.g. llCI) in FQHE q = ev = e/m. Then 
dissipation rate T in conventional units will be equal to 



We are interested in the case when temperature of the 
system T is lower than any energy scales in the system 
including characteristic cut-off frequency lOc~v /4L that 
is T <^bJc- Integral I{t) has the form 



dx 



— X / u. 



' sin^(a;t) coth 



T 



(20) 



and doesn't have analytical solution. But it can be esti- 
mated in asymptotic approximations. 
1. The case t <^ 1/wc corresponds to short-times, when 
characteristic times of system evolution are much lower 
than inverse frequencies of the bath modes. 



lit) 



2. The case 1/loc <^1/T corresponds to intermediate 
times. The integral can be approximated as 



I{t) ~ iEi(lKi) ~ ilncj.t, 



^-2Q.L/hv 



(15) 



Here L is the distance between the qubit and the edge, d - 
distance between two antidots and e - dielectric constant. 
This formula is different from that of obtained in Q . For 
experimental values e ~ 10,ti ~ 10^ m/s, VI ~ O.IK, 
d ~ lOOnm and L ~ 3/im we have hT /Vl ~ 10^"^. 



IV. DECOHERENCE OF THE QUBIT IN A 
SHORT-TIME APPROXIMATION 



where Ei(a;) - exponential integral function. 

3. The case l/T <C t corresponds to long times much 

more than any inverse frequencies. 

I{t) ~ TTTt 

We see here that (t) increases quadratically for short 
times, logarithmically for intermediate times and linearly 
for long times. 

Summarizing the asymptotics obtained above the 
equation H16() can be rewritten as 



For the short-time approximation let's use the formula 
jiven in |llj| . 



fc>0 k \ / 



(16) 



A/(t), (17) 



where 



\L 2'KeeQhv 



(18) 



For this particular system of anyon qubit we have case 
of Ohmic dissipation, for 



(19) 



TrsipUt)) 



o[l + M)" 



l/ujc < t < l/T; 
l/T < t; 



(21) 



According to the short-time approximation 
Trs{p'g{t)) ^ 1/2 at all times. Comparing the 
Markovian and the short time approximation one can 
see in both cases exponential decay of Trs{p%{t)) -^1/2 
when T — > and t ^ oo. The difference in behavior of 
decay can be explained by the fact that the short-time 
approximation is not valid at large times. 
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